This paper proposes a Laplace-transform-based approach to price the fixed-strike quantile options as well as to calculate the associated hedging parameters (delta and gamma) under a hyperexponential jump diffusion model, which can be viewed as a generalization of the well-known Black-Scholes model and Kou's double exponential jump diffusion model. By establishing a relationship between floating-and fixed-strike quantile option prices, we can also apply this pricing and hedging method to floating-strike quantile options. Numerical experiments demonstrate that our pricing and hedging method is fast, stable, and accurate.
Introduction
A quantile option is a fairly new path-dependent security derivative that was first introduced by Miura [28] . It has a payoff dependent on the α-quantile, for some α ∈ [0, 1], of the underlying asset price process during a prespecified time period [0, T ], which is defined as the smallest barrier such that the fraction of time spent by the underlying price at or below it during [0, T ] exceeds α (see Definition 2.1). Since their advent, quantile options have received much attention from both investors and researchers primarily because they may be regarded as an alternative of many popular exotic options such as barrier, lookback, and Asian options. First, as discussed by Broadie and Detemple [6] , a fixed-strike quantile option may serve as a replacement for the standard Barrier option by overcoming its deficiency of leaving the buyer without his or her position at the first cross of the barrier. Second, a floating-strike α-quantile put option extends the traditional lookback put option by replacing the running maximum of the underlying asset price process in the payoff with its α-quantile. Apparently, the former is reduced to the latter as α = 1. Third, a special α-quantile option when α = 0.5 behaves similarly to the Asian option due to the close relationship between the median and the mean.
Under the Black-Scholes model (BSM), distributions of the associated quantiles have been studied by Dassios [13] (also see [4] , [17] , and [34] ) and led to analytical solutions to pricing of the fixed-strike quantile options; see [2] and [13] . Leung and Kwok [26] established a relationship between fixed-and floating-strike quantile option prices under the BSM. However, as regards numerical implementation, few papers offer numerical results even under the BSM due to computational intractability of available pricing formulae, which involve multiple integrals. One example is the forward shooting grid method developed by Kwok and Lau [25] . For pricing other options dependent on quantiles or occupation times under the BSM, we refer 638 N. CAI the reader to, e.g. [15] , [18] , [19] , [21] , [27] , and [29] . In terms of the literature of quantile option pricing beyond the BSM, see, e.g. the occupation time-based approach in [26] under the constant elasticity of variance (CEV) model and in [9] under Kou's double exponential jump diffusion model (abbreviated to DEM).
In this paper we will investigate pricing and hedging of both fixed-and floating-strike quantile options under a hyperexponential jump diffusion model (abbreviated to HEM) (see, e.g. [8] and [22] ), where the jump sizes assume a hyperexponential distribution. As a generalization of the BSM and DEM, the HEM has at least three advantages. First, it can better capture the leptokurtic feature by accounting for the uncertainty about heaviness of asset return tails. Second, it can be used to approximate exponential Lévy models with completely monotone Lévy densities such as the CGMY, NIG, and VG models. Third, it can lead to analytical solutions of many path-dependent options such as lookback, single-barrier, and double-barrier options. In this paper it will be shown that we can also price quantile options and calculate the hedging parameters thanks to the analytical tractability of the HEM.
The contribution of our paper is three-fold.
1. Based on Dassios'remarkable identity in law on quantiles of Lévy processes (see [14] ), we develop a Laplace-transform-based method to price the fixed-strike quantile option and to calculate the hedging parameters (delta and gamma) numerically under the HEM. See Section 3.1.
2. By establishing a simple relationship between floating-and fixed-strike quantile option prices under the HEM, we can also price floating-strike quantile options and calculate the hedging parameters in a similar way. See Section 3.2.
3. We implement the pricing and hedging methods by using the Euler inversion algorithm twice. The primary difficulty lies in the fact that in general the Euler inversion algorithm applies only for real original functions, but during the implementation we need to evaluate a complex function by inverting its Laplace transform. We circumvent this difficulty by evaluating the real part and the imaginary part of the complex function by inverting their respective Laplace transforms. See Section 4.2. This numerical pricing method turns out to be fast, stable, and accurate. See Section 5. In particular, under the BSM, this method can be simplified to a single Euler inversion in that in this special case, a closed-form Laplace transform of the quantile option price is available. See Section 3.1.
The rest of the paper is organized as follows. Section 2 introduces the HEM and some preliminaries. In Section 3 we present our main results, including pricing and hedging of the fixed-strike quantile options, and establishing a relationship between floating-and fixed-strike quantile option prices. In Section 4, a pricing and hedging algorithm based on Euler inversion is discussed in detail. Numerical results are provided in Section 5. Most proofs are deferred to Appendices A and B.
Background and preliminaries

The HEM
Under the HEM, for the asset price S(t), the return process X(t) := log(S(t)/S(0)) under a risk-neutral probability measure P is given by 
are independent. We point out that the risk-neutral probability measure P is not unique within the jump diffusion framework due to the incompleteness of the model. However, Kou [23] showed that a particular risk-neutral probability measure P can be chosen within a rational expectations equilibrium setting. It is called risk neutral because the equilibrium price is given by the expectation under P of the discounted option payoff.
Note that {X(t)} is a Lévy process and its Lévy exponent is given by
It can be easily shown (see, e.g. [7] ) that the equation
These roots will be used in the subsequent parts.
Running maxima and running minima
Consider the running maximum and running minimum of the process X := {X(t)}: 
Noting that m X (t) = inf {0≤s≤t} X(s) = −sup {0≤s≤t} (−X(s)) and applying Proposition 2.1, we can also derive a closed-form expression for L m (s).
Remark 2.1. We point out that using the Wiener-Hopf factorization (see, e.g. [3] ), we can express L M (s) (or L m (s)) in another way as products of some terms:
Quantile options
The α-quantile of the process X during the period [0, t] can be defined through the occupation time. 
Then, under the risk neutral measure P, the prices of fixed-and floating-strike α-quantile options at time 0 with maturity t are given by
and
respectively. For asset pricing theories, we refer the reader to [24] and [33] . Apparently, the distribution of the α-quantile plays a pivotal role for pricing of α-quantile options. Dassios [14] provided a remarkable result about the quantile distribution for any process with stationary and independent increments. Proposition 2.2. ( [14] .) Suppose that {X(t) : t ≥ 0} is a process with stationary and independent increments which starts from 0. Then, for any α ∈ (0, 1), This celebrated result is useful as it applies to any Lévy process and, hence, also applies to the return process under the HEM. Dassios' result (2.4) will serve as a basis for our approach to pricing and hedging fixed-strike quantile options in the subsequent sections.
Pricing and hedging of quantile options
Pricing and hedging of fixed-strike quantile options
To price and hedge a fixed-strike quantile option, applying the idea of Carr and Madan [10] , we consider taking the Laplace transform of the option price w.r.t.k := −log K. Sincek can be negative, the associated Laplace transform is a two-sided Laplace transform, meaning that the original function is defined on the whole real line. In order to apply the two-sided Euler inversion algorithm proposed by Petrella [30] , we introduce a scaling factor X > S 0 and rewrite the fixed-strike quantile option price as
where k := log(X/K). Here the introduction of the scaling factor X ensures that the Euler Laplace inversion algorithm converges quickly in the two-sided case (see [30] ).
According to Proposition 2.2, we can obtain the following theorem. 
In particular, under the BSM, L(v) has the closed-form expression
where
The two common Greeks (C α (S 0 , K, t)) and (C α (S 0 , K, t)) can be calculated as
where L −1 denotes the inverse Laplace transform.
Proof. See Appendix A.
Consequently, under the BSM the closed-form Laplace transform L(v) is available, so applying the Euler inversion algorithm can generate numerical prices and the two Greeks easily. In contrast, under the general HEM, Theorem 3.1 does not provide us with a closedform Laplace transform (s) . Accordingly, in principle we can price fixed-strike quantile options and calculate the two Greeks by applying the Laplace inversion algorithm twice. A rough pricing and hedging algorithm is given as follows.
Step
0 , and then multiplying the results by e −rt yields
It is worth mentioning here that by 'applying the Laplace inversion algorithm twice'we mean that a single Laplace inversion algorithm is applied in both step 1 and step 2. This greatly differs from the so-called 'double Laplace inversion'. Specifically, if the closed-form expression of
Then the double Laplace inversion algorithm applies (see [11] ). However, in our case, a closed-form expression of the double Laplace transform of
has no closed-form expression, either. To evaluate L(v), we need to invert the closed-form
To summarize, the 'whole inversion' should be divided into two steps, each of which uses the single Laplace inversion. This is the crucial difference from 'the double Laplace inversion', and we call it 'Laplace inversion twice'. Nonetheless, when implementing the above algorithm using the Euler inversion algorithm, we encounter some difficulty, primarily because the Euler inversion algorithm applies for only the real original functions and meanwhile the inversion formula involves Laplace transforms in the complex domain. As a result, to invert 
Pricing and hedging of floating-strike quantile options
Compared with pricing and hedging of the fixed-strike quantile option, the floating-strike quantile option seems more intractable because its price not only depends on the quantile but also on the terminal asset value. Nevertheless, we can bridge these two issues by transforming the floating-strike option price to the price of a fixed-strike option by virtue of Girsanov's theorem for jump diffusion processes. This idea stems from Leung and Kwok [26] , who established a relationship between fixed-and floating-strike quantile option prices under the BSM.
In this part we just provide some new notation and main results. For the details of the proof, see Appendix B. To facilitate the derivation, we consider a quantile option, where the underlying asset has a dividend with rate q. Note that this slight modification does not affect essentially the correctness of Proposition 2.1 and Theorem 3.1. Rewrite the fixed-and floating-strike quantile option prices with maturity T as
respectively, where Q(α, t, S) is the α-quantile of the underlying asset price process S starting from the point S 0 . Now we introduce two independent processes S andS. The former is defined as
where all the parameters are the same as those in (2.1) except that µ := r − q − σ 2 /2 − λζ and η i > 2 for any i = 1, 2, . . . , m. The latter is given bȳ
Poisson process with rate λ := λ(ζ + 1), {W (t): t ≥ 0} is a standard Brownian motion, and 
and the two common Greeks (P α (S 0 , T , S)) and (P α (S 0 , T , S)) are given by
Proof. See Appendix B.
Theorem 3.2 implies that we can price the floating-strike quantile option by pricing a closely related fixed-strike quantile option. In particular, we can price the European lookback put option at time 0, where the payoff is given by S 0 e M X (T ) − S(T ), and which is actually a special case of the floating-strike α-quantile option with α = 1.
Remark 3.1. In a recent paper [9] Cai et al. investigated pricing and hedging of occupationtime-related options under the DEM, including the fixed-strike quantile options. In comparison, there exist several key differences between our paper and [9] . First, our model is more general and the DEM is only a special case of the HEM. Second, we solve the pricing and hedging problems for both fixed-and floating-strike quantile options, whereas [9] discussed only the fixed-strike case. Third, their pricing method depends on the distribution of the occupation time, which they spent considerable effort deriving. Our approach, however, does not require this technical result.
The pricing and hedging algorithm via Euler inversion
In financial applications, numerical inversion of Laplace transforms has become increasingly important for it is always much easier to derive a closed-form expression for the Laplace transform of a derivative price than for the price itself. In this paper we will employ the Euler inversion algorithm to invert Laplace transforms numerically, which was proposed in the onesided case by Abate and Whitt [1] and was extended to the two-sided case by Petrella [30] . For a survey on comparison of different transform inversion methods applied in asset pricing, we refer the reader to [12] .
The Euler inversion algorithm
When implementing our pricing method proposed in Section 3, we are confronted with two types of Laplace transform. One is one-sided, meaning that the original function is defined on the positive real line, e.g. L M (s) and L m (s); while the other is two-sided, meaning that the original function is defined on the whole real line, e.g. L(v).
Suppose thatf (s) is a two-sided Laplace transform of a nonnegative function f (t) defined on the whole real line R, i.e.f (s) := +∞ −∞ e −st f (t) dt. Then we have the following inversion formula (see [30] ): n 1 , n 2 ) . During the computation, we have to calculate some alternating series of the form ∞ i=0 (−1) i a i in expression (4.1). To accelerate the convergence, we adopt the idea of the Euler transformation, which gives a much faster convergence of the infinite sum (see [1] ). More precisely, ∞ i=0 (−1) i a i can be approximated by the finite sum
Since there are two transform inversions in two steps when pricing fixed-strike quantile options, the Euler transformation is used twice. We use (n 1 , m 1 ) and (n 2 , m 2 ) to express parameters involved in the Euler transformation for Euler inversion w.r.t. the scaled strike k and maturity t, respectively. According to Abate and Whitt's suggestion (see [1] ), we set m 1 = n 1 + 15 and m 2 = n 2 + 15. In practice, we set n 1 = n 2 = 90. (ii) A 1 and A 2 . These parameters are used to control the discretization error. The empirical setting is
The scaling factor X. In our case, we will select X as 10 000.
The selection of the parameters A 1 , A 2 , and X does not affect the accuracy, but does affect the convergence, as shown by the author. This issue will be discussed in detail in Sections 5.2-5.4. 
Calculate L(v) for complex v via the Euler inversion algorithm
where g R (a, b, t) and g I (a, b, t) represent the real part and imaginary parts of g(v), respectively, and 
and ((1−α)t) ], a similar idea applies. In this way, we can evaluate L(v) for complex v numerically.
The pricing and hedging algorithm
To summarize, a detailed pricing and hedging algorithm for quantile options under the HEM is given as follows. In particular, under the BSM, the pricing and hedging algorithm can be simplified to only one step, i.e. step 3, because L(v) has the closed-form expression in (3.2).
Numerical results
Calculating prices and Greeks under the HEM
Based on the pricing and hedging algorithm in Section 4.3, Theorem 3.1, Theorem 3.2, and Theorem 4.1, we can price both fixed-and floating-strike quantile options and calculate the associated two Greeks (delta and gamma) under the HEM. Without loss of generality, we focus on a simple case, m = n = 2, for the hyperexponential distribution given by (2.2), i.e. both the upward and downward jump size distributions are a mixture of two exponential distributions. The corresponding numerical prices, deltas and gammas (denoted by LL price, LL delta, and LL gamma) of fixed-and floating-strike quantile options are given in Table 1 and  Table 2 . All the computations are completed on a desktop with an Intel 2.66 GHz processor. It turns out that all the numerical results stay within the 95% confidence intervals of Monte Carlo simulation estimates (denoted by MC price, MC delta, and MC gamma). Moreover, for the pricing, the averages of absolute values of absolute and relative errors are 0.661 cents and 0.116%, respectively. Therefore, we draw the conclusion that our pricing algorithm is accurate. In addition, the CPU time to produce one LL price (LL delta or LL gamma) is around Table 1 : Pricing fixed-and floating-strike quantile options. The default parameters are α = 0.5, r = 0.05,
, n 1 = n 2 = 90, and X = 10 000. The LL price is obtained by using Laplace inversion twice. The MC price is the Monte Carlo simulation estimate obtained by simulating 100 000 paths and using 100 000 time steps. SE is the associated standard error. AE and RE are the absolute and relative errors between LL price and MC price, respectively.
Pricing fixed-strike quantile options under the HEM 21 seconds, which is practically acceptable and is much less than that of the Monte Carlo simulation (around 25 minutes). So our pricing algorithm is also efficient. In particular, we can price both fixed-and floating-strike quantile options under two important models, the BSM and the DEM, in the same way (note that quantile options under the BSM can be priced more easily via a single Laplace inversion). Furthermore, our algorithm runs very fast under the BSM and DEM (the CPU times to generate one numerical result under the BSM and DEM are around 0.1 seconds and 1.7 seconds, respectively). To save space, we omit the corresponding numerical tables, but they are available on request. It is worth mentioning that the Monte Carlo simulation estimates listed here, which serve only as a benchmark, are obtained via an (almost) plain Monte Carlo simulation scheme along with the variance reduction technique of control variates. For more variance reduction techniques of the Monte Carlo simulation in financial engineering, we refer the reader to the monograph by Glasserman [20] .
In addition, Kwok and Lau (see, [25, p. 10] ) provided one numerical result (around 9.18, with an associated parameter setting of α = 0.8, r = 0.05, σ = 0.2, S 0 = 100, K = 95, and648 N. CAI Table 2 : Hedging parameters of fixed-and floating-strike quantile options. The default parameters are λ = 3, r = 0.05,
, n 1 = n 2 = 90, and X = 10 000. LL deltas and LL gammas are obtained by using Laplace inversion twice. MC deltas and MC gammas are the Monte Carlo simulation estimates obtained by simulating 100 000 paths and using 100 000 time steps. SE is the associated standard error.
Deltas of fixed-strike quantile options under the HEM 
Sensitivity of our numerical algorithm to A 1 , A 2 , and X
Observe that the Euler inversion algorithm depends on the selection of parameters A 1 , A 2 , and X, all of which are primarily for discretization error control. As a matter of fact, the algorithm is quite insensitive to changes in A 1 , A 2 , and X. This property is well illustrated by Figure 1 , where the upper three graphs show how the absolute errors between the LL prices and MC prices change as A 1 , A 2 , and X vary; while the lower three graphs show the corresponding relative errors. Actually, the LL prices keep accurate and stable when these parameters vary in broad regions, i.e. A 1 ∈ [15, 45], A 2 ∈ [15, 45], and X ∈ [1000, 30 000]. The absolute values of associated relative errors between LL prices and MC prices are stable and stay smaller than 0.06%. Consequently, we draw the conclusion that our pricing algorithm is stable and, thus, reliable.
Convergence and computational cost of our numerical algorithm
Recall that our numerical algorithm involves four algorithm parameters, n 1 (and n 2 , typically we select n 2 = n 1 in practice), A 1 , A 2 , and X. As discussed in Section 4.1, n 1 (and n 2 ) is related to the approximation to the infinite series in the inversion formula (4.1) by some finite sum called the Euler transformation (see [1] ). More precisely, applying the Euler transformation to accelerate the rate of the convergence of a series, we approximate the infinite series of the form ∞ i=0 (−1) i a i in the inversion formula (4.1) by the finite sum
where m 1 = n 1 + 15 (suggested by Abate and Whitt [1] ) and S j := j i=0 (−1) i a i for j = 0, 1, . . . . It is easily seen that the finite sum E(m 1 , n 1 ) involves only the first m 1 +n 1 = 2n 1 +15 terms of the series. Therefore, the larger n 1 , the more accurate the approximation. As n 1 goes to ∞, the approximation converges to the sum of the infinite series.
In this section we intend to study how our numerical algorithm converges as n 1 increases, given A 1 , A 2 , and X. For ease of exposition, we denote by p(n 1 ) the numerical quantile option price obtained via our numerical algorithm with parameter n 1 . Let n 1 increase from 15 with an increment of 5, i.e. n 1 = 15, 20, 25, 30, . . . . It is worth noting that we do not know the true option price, i.e. the limit of the numerical approximation as n 1 goes to ∞. Alternatively, we may use |p(n 1 + 5) − p(n 1 )| to measure the convergence, and say that the numerical approximation is sufficiently close to its limit when
N. CAI Table 3 : How the numerical prices p(n 1 ) converge and how the CPU times (in seconds) change as n 1 increases. The default parameters are α = 0.5, r = 0.05,
, and X = 10 000. The left panel and the right panel illustrate how the numerical prices converge and how the computational times change as n 1 (= n 2 ) increases, respectively. We can see that the numerical prices converge quite fast as n 1 increases. The parameter setting is α = 0.5, r = 0.05, σ = 0.2, λ = 3,
, and X = 10 000.
It turns out that the n 1 s that satisfy (5.1) can guarantee three-digit accuracy of our numerical prices.
The results of Table 3 demonstrate how the numerical prices p(n 1 ) converge as n 1 increases (see also the left panel of Figure 2 ). It can be seen that when n 1 ≥ 75, we have |p(n 1 + 5) − p(n 1 )| < 10 −4 . Furthermore, this can guarantee at least three-digit accuracy (5.904) for our numerical prices if we round them off to three decimal places. This accuracy is acceptable in practice because of the bid-ask spreads. In order to be safe, we select n 1 = 90 when implementing the algorithm in our numerical part (Section 5.1). In addition, the results of Table 3 also demonstrate how the CPU times change as n 1 increases (see also the right panel of Figure 2 ). When n 1 = 90, the corresponding CPU time is around 21 seconds and practically acceptable.
Note that the above numerical experiments are conducted when A 1 = 18, A 2 = 18, and X = 10 000 are fixed. However, the convergence speed of our numerical algorithm may also depend on selection of these three algorithm parameters. This issue will be investigated in Section 5.4. A 1 , A 2 , and X on the convergence speed of our numerical algorithm
Effect of
To study the effect of the selection of the three parameters A 1 , A 2 , and X on the convergence speed of our numerical algorithm, we define N * (A 1 , A 2 , X) 
Appendix B. Proof of Theorem 3.2
Note that the floating-strike α-quantile option price can be rewritten as 
, T ,S).
The proof is completed.
